Abstract. We generalize Voisin's theorem on deformations of pairs of a symplectic manifold and a Lagrangian submanifold to the case of Lagrangian simple normal crossing subvarieties. We apply our results to the study of singular fibers of Lagrangian fibrations.
Introduction
In [Vo92] Voisin studied deformations of pairs Y ⊂ X where X is an irreducible symplectic manifold and Y a complex Lagrangian submanifold. She showed that, roughly speaking, deformations of X where Y stays a complex submanifold are exactly those deformations, where Y stays Lagrangian. We generalize Voisin's results to Lagrangian subvarieties with simple normal crossings. Let M be the germ of the universal deformation space of X and denote by π : X − → M the universal family. By the Bogomolov-Tian-Todorov theorem, see [Bog78, Tia87, Tod89] , we know that M is smooth. If the representative M is chosen simply connected, there is a canonical isomorphism α : R 2 π * C X − → H 2 (X, C) with the constant local system. Let ω ∈ R 2 π * C X ⊗ O M be a class restricting to a symplectic form on the fibers of π. 
Many of the intermediate steps in the proof of Theorem 5.3 are essentially as in [Vo92] , but for the smoothness of M Y we have to argue differently. For this, we develop ideas of Ran [Ra92Lif] , [Ra92Def] by exploiting the interplay between deformation theory and Hodge theory. The necessary tools to apply Hodge theoretical arguments over an Artinian base are developed in [Le12] . As in [Vo92] , we deduce the following Corollary 5.4. Let K := ker j * : H 2 (X, C) − → H 2 ( Y , C) , let q be the Beauville-Bogomolov quadratic form and consider the period domain Q := {α ∈ P(H 2 (X, C)) | q(α) = 0, q(α +ᾱ) > 0} of X. Then the period map ℘ : M − → Q identifies M Y with P(K) ∩ Q locally at [X] ∈ M .
Let us spend some words about the structure of this article. In section 1 we recall the definition of locally trivial deformations. After recalling some facts about M and defining certain subspaces in section 2, we explain and adapt Voisin's results from [Vo92] in section 3. The spaces M i and M Y from Theorem 5.3 are treated in section 4. We develop Ran's ideas and explain the T 1 -lifting principle to proof smoothness of M i in case Y has simple normal crossings. Then, a variant of this principle enables us to deduce that the canonical map p : M i − → M has constant rank in a neigbourhood of the distinguished points, which implies the smoothness of M Y . Furthermore, the projectivity of arbitrary Lagrangian subvarieties of an irreducible symplectic manifold is shown, see Corollary 4.5. This is used to apply results from [Le12] , but is also interesting in its own right. Again, the statement was known to Voisin in the smooth case. Section 5 is finally puts together all previous theory to proof Theorem 5.3. We give applications to Lagrangian fibrations in section 6. Our results can be applied to most types of the general singular fibers of a Lagrangian fibration in the sense of Hwang-Oguiso [HO09] . The restriction to normal crossings comes from Proposition 4.10. The sheaf Ω Y determined there can be related to Hodge theory if Y has normal crossings. This is not only a technical condition, as easy examples already show.
Notations and conventions
We denote by k a field of characteristic zero. For a ring R we write R[ε] := R[x]/x 2 where ε := x mod (x 2 ). Set is the category of sets. The term algebraic variety will stand for a separated reduced k-scheme of finite type. In particular, a variety may have several irreducible components. Similarly, a complex variety will be a separated reduced complex space. If there is no danger of confusion, we will drop the adjectives algebraic respectively complex. For an Artin ring R we do not distinguish between a quasicoherent sheaf on S = Spec R and its R-module of global sections. A variety Y of equidimension n is called a normal crossing variety if for every closed point y ∈ Y there is an r ∈ N 0 such that O Y,y ∼ = k[[y 1 , . . . , y n+1 ]]/(y 1 ·. . .·y r ). It is called a simple normal crossing variety if in addition every irreducible component is nonsingular. For a regular function or, more generally, a section f of a coherent sheaf on a scheme X, we denote by V (f ) subscheme defined by the vanishing of f . Let X be a scheme of finite type over C. We write X an for the complex space associated to X. For a quasi-coherent O X -module F we denote by F an the associated O X an -module ϕ * F where ϕ : X an − → X is the canonical morphism of ringed spaces.
Acknowledgements. This work is part of the author's thesis. It is a pleasure to thank my advisor Manfred Lehn for his constant support, for suggesting many interesting problems and for thoroughly asking questions. Furthermore, I would like to thank Duco van Straten for some extremely helpful remarks, Yasunari Nagai and Keiji Oguiso for explaining Lagrangian fibrations, Klaus Hulek for helpful discussions on abelian fibrations, Jean-Pierre Demailly, Daniel Greb, Sam Grushevsky, Dmitry Kaledin, Thomas Peternell, Sönke Rollenske, Justin Sawon, Gerard van der Geer and Kang Zuo for valuable discussions. While working on this project, I benefited from the support of the DFG through the SFB/TR 45 "Periods, moduli spaces and arithmetic of algebraic varieties", the CNRS and the Institut Fourier.
Preliminaries
We recall basic definitions and results from deformation theory in the sense of Schlessinger [Sch68] . A detailed exposition is given in [Ser06] , where most proofs of our statements are found or obtained by easy variations.
1.1. Setup. Let k be a fixed algebraically closed field. By Art k we denote the category of local Artinian k-algebras with residue field k. The maximal ideal of an element R ∈ Art k will be denoted by m. We write Art k for the category of local noetherian k-algebras with residue field k, which are complete with respect to the m-adic topology. A small extension in Art k is an exact sequence
where R − → R is a surjection in Art k and m .J = 0 for the maximal ideal m of R . Because of this condition, the R -module structure on J factors through R /m = R/m = k. 
where ϕ :
is the map induced by R − → R.
Curvilinear extensions.
One can test smoothness by using only socalled curvilinear extensions. Namely, let R be a complete local noetherian k-algebra with maximal ideal m and A n := k[t]/t n+1 . Suppose R has the following lifting property for all n ∈ N:
That is, for every k-algebra homomorphism R − → A n there is a k-algebra homomorphism R − → A n+1 making (1.1) commutative. In this case we say that R has the curvilinear lifting property. The following lemma is wellknown, see [Le11, Lem I.1.6] for a proof.
Lemma 1.5. If R has the curvilinear lifting property, then R is a smooth k-algebra.
1.6. Deformations of schemes. Let X be an algebraic k-scheme. The functor
where ∼ is the relation of isomorphism, is called functor of deformations of X. It is proven as Corollary 2.6.4 in [Ser06] that for a smooth and projective k-scheme X with H 0 (X, T X ) = 0, the functor D X is prorepresentable. The proof there works for proper X as well. Let g : X − → S be a deformation of X over S = Spec R. We put
As S is affine, R 1 g * T X /S ∼ =Ȟ 1 (X , T X /S ). By using the representation as aČech-1-cocyle, one constructs a map T 1
X and similar to [Ser06, Thm 2.4.1] one shows the following Lemma 1.7. Let 0 − → J − → R − → R − → 0 be a small extension in Art k . Assume that X is smooth over k. Then there is a natural isomorphism
Moreover, the following holds. Let X − → S be a deformation of X over S = Spec R such that X × S S = X . Then the map T 1
X is a bijection and the diagram
is commutative, where we obtain T 1 X /R − → T 1 X /R by applying R 1 g * to the natural map T X /S − → T X /S . We call T 1 X /R a relative tangent space of D X .
1.8. Deformations of morphisms. Let i : Y − → X be a morphism of algebraic k-schemes, let R ∈ Art k and S = Spec R, and let I : Y − → X be a deformation of i over S. It is called (Zariski) locally trivial if for every x ∈ X, y ∈ Y with i(y) = x there are open subsets U ⊂ X, V ⊂ Y with y ∈ V , i(V ) ⊂ U and an isomorphism
In other words, I : Y − → X induces the trivial deformation on V and U . The functor
where ∼ is the relation of isomorphism, is called the functor of locally trivial deformations of i.
Sheaves controlling the deformations of a closed immersion.
Let i : Y → X be a closed immersion of algebraic k-schemes and suppose that X is smooth and proper and Y is a reduced locally complete intersection. Let R ∈ Art k , let S = Spec R and let
be a deformation of i. Let I be the ideal sheaf of Y in X . By the hypothesis on Y , the sheaf I/I 2 is locally free and we have an exact sequence of sheaves on Y
where N Y/X := Hom(I/I 2 , O Y ). The sheaf T 1 Y/S := coker d ∨ is supported on the singular locus of Y − → S. The equisingular normal sheaf is defined as
We define the sheaf T I as the preimage of T Y/S under the natural map T X /S − → T X /S ⊗ O Y and obtain the exact sequence of sheaves on X
The sheaf T I is the relative version of the corresponding sheaf from [Ser06, 3.4.4] . It controls locally trivial deformations of a closed immersion in the sense of Lemma 1.10 below.
In [Ser06, Rem 3.4.18] it is shown that the functor D lt i is prorepresentable if X and Y are projective, X is smooth and H 0 (X, T i ) = 0 . As in the case of deformations of schemes, the proof carries over to proper schemes. Take R ∈ Art k , let i : Y → X be a closed immersion of proper algebraic kschemes, where Y is a reduced locally complete intersection and X is smooth over k. Let
be a locally trivial deformation of i over S = Spec R. As for deformations of schemes we introduce relative tangent spaces
One constructs a natural map 
is commutative, where we obtain T 1 I /R − → T 1 I/R by applying R 1 g * to the natural map T I − → T I . Remark 1.11. The deformation functors D i and D X have their natural analogues in the category of complex spaces. Local triviality is defined using Euclidean instead of Zariski open sets. The functor X → X an induces a natural transformation between deformation functors in both categories. It is shown in [Le11, Lemma I.5.1] that this is an isomorphism of functors, which essentially follows from the fact that the functors have the same tangent and obstruction spaces.
Deformations of irreducible symplectic manifolds
Let X be an irreducible symplectic manifold, that is, a compact, simply connected Kähler manifold such that H 0 (X, Ω 2 X ) = Cσ for a symplectic form σ. In this section we review the universal deformation space M of X and discuss certain subspaces. As H 0 (X, T X ) = 0 for irreducible symplectic manifolds, the Kuranishi family π : X − → M of X is universal at the point 0 ∈ M corresponding to X. Close to 0 ∈ M the fibers of π are again irreducible symplectic manifolds, see [Bea83, § 8] . M is known to be smooth by the Bogomolov-Tian-Todorov theorem [Bog78, Tia87, Tod89] , see also [GHJ, Thm 14 .10] for an introduction.
2.1. Hodge bundles and the Gauß-Manin connection. Consider the vector bundle H k on M given by
It is filtered by subbundles
the Hodge filtration on H k (X t ). We define the bundles
The fiber of H p,q at t ∈ M is canonically identified with H q (X t , Ω p Xt ). There is a local system H k C := R k π * C X → H k and the associated flat connection
between the graded objects of the filtration. These maps are O M -linear and therefore corresponds to a map∇ p : Gr
. By a theorem of Griffiths its fiber at the point t ∈ M can be identified with the map (2.1)
given by cup-product and contraction.
2.2. Hodge loci. Let β ∈ H k (X, C) be a cohomology class of type (p, q) with respect to the Hodge decomposition H k (X, C) = p+q=k H p,q (X). Suppose that M is simply connected. Then the local system H k C is trivial and β extends to a global section of H k C , that is, a flat section of H k , which we also denot by β. We write β t for its fiber at t. The following definition and some basic properties can be found in [Vo2, Ch 5.3].
Definition 2.3. The Hodge locus associated to β is the complex subspace M β → M defined by the vanishing of the induced section
So the Hodge locus M β is the locus of all t ∈ M , where β t ∈ F p H k (X t ). If β is an integral or at least real cohomology class of Hodge type (p, p), then
as β is fixed under complex conjugation and
2.4. Subspaces of M associated with Lagrangian subvarieties. Let i : Y → X be the inclusion of a Lagrangian subvariety in an irreducible symplectic manifold X of dimension 2n. Let M be a simply connected representative of the universal deformation space of X, let 0 ∈ M be the point corresponding to X and let π : X − → M be the universal family. Following Voisin [Vo92] , we define three subspaces of M associated to Y . We take a relative symplectic form ω ∈ R 0 π * Ω 2 X/M → R 2 π * C X ⊗ O M and write ω t := ω| Xt for the symplectic form on the fiber X t = π −1 (t). If the representative M is chosen simply connected, there is a canonical isomorphism α : R 2 π * C X − → H 2 (X, C) with the constant local system. We denote by ν : Y − → Y a resolution of singularities and by j = i • ν the composition.
The Lagrange property of Y implies 0 ∈ M Y . Clearly, this definition is independent of the resolution ν : Y − → Y .
If [Y ]
∈ H 2n (X, Z) denotes the Poincaré dual of the fundamental cycle of Y , we write µ 0 for the map H 2 (X, C) − → H 2+2n (X, C) given by cup product with [Y ] . This map is a morphism of Hodge structures and can be factored as
By lifting [Y ] to a flat section of H 2 , we can extend µ 0 to a map µ :
where ω is the relative symplectic form.
The Lagrange property ensures that 0 ∈ M [Y ] . 
Voisin's results adapted
Essentially everything in this section is taken from [Vo92] , but with some slight modifications to our situation. So unless the contrary is explicitly stated, all results presented are Voisin's. We will freely use the notations of section 2.
p,q t with respect to the Hodge decomposition at t ∈ M [Y ] . We want to show that
q,p t and so it suffices to show that [Y ] p,q t = 0 for p < n. As ω t is of type (2, 0) on X t the assumption
Xt is an isomorphism for k ≥ 0, which can be seen pointwise by linear algebra. Hence the map ω t ∪ is injective for p < n, which yields that [Y ] p,q t = 0 for p < n, as needed.
as it is automatically closed and we may assume that M [Y ] is connected, see Remark 2.7. This is the only point where we use that Y is Lagrangian, namely for the nonemptiness.
is a morphism of Hodge structures of degree (n, n) and hence gives morphisms µ p,q : H p,q − → H p+n,q+n for p + q = 2. By semi-continuity they satisfy rkµ p,q (t ) ≥ rkµ p,q (t) for all t in a small neighborhood U of t. As µ = µ 2,0 ⊕ µ 1,1 ⊕ µ 0,2 as a C ∞ -morphism on U , the rank of the summands remains constant in t. So as for
we have µ 2,0 = 0 = µ 0,2 this remains true in a neigbourhood and so the claim follows. 
as varieties by the preceding proposition.
Proof. We argue only for M [Y ] , the case of M [Y ] is similar. Consider the sheaf H µ := µ(H 2 ) ⊂ H 2n+2 . As µ is defined on the level of local systems its rank is locally constant, so this is a vector bundle of rank r [Y ] . The variety M [Y ] is defined by the vanishing of the section
. So it suffices to show that the rank of the system of equations µ(ω) = 0 is equal to r [Y ] . Recall that the Gauß-Manin connection is given by the differential d if we trivialize with flat sections. This implies that for µ to have rank r [Y ] at 0, the classes∇ χ,0 (µ 0 (ω 0 )) for χ ∈ T M,0 = H 1 (X, T X ) have to span a vector space of dimension r [Y ] . We have ∇ χ (µ(ω t )) = µ(∇ χ ω t ) and by (2.1) the Gauß-Manin connection∇ :
given by the cup product and contraction. As ω 0 is non-degenerate and of type (2, 0) the ∇ χ ω t span the whole of H 1,1 (X) at t = 0 .
Lemma 3.3. The tangent space of M Y at 0 is given by
where ω is the isomorphism induced by the symplectic form on X.
Proof. Locally at 0 ∈ M the space M Y is cut out by the equation j * t ω t = 0. Therefore the tangent space at 0 is given by the equation
The Gauß-Manin conection at 0 can be identified with the map
given by cup product and contraction, which concludes the proof.
Lemma 3.4. Let X be an irreducible symplectic manifold of dimension dim X = 2n. Let Y ⊂ X be an irreducible Lagrangian subvariety, let ν : Y − → Y a resolution of singularities and put j = i • ν. Then
Proof. We show equality of the respective kernels with real coefficients. From µ = j * j * we immediately have ker j * ⊂ ker µ. For the other inclusion we choose a Kähler class κ ∈ H 2 (X, R). We have to show that j * is injective on im j * .
Assume n = 1. As Y is connected, H 2 ( Y , C) ∼ = C and the map j * :
So j * is injective and the claim follows. If n ≥ 2, choose a Kähler class κ ∈ H 2 (X, R). 
where X is obtained by a sequence of blow-ups of X in smooth centers. Thus, we may assume that Y = Y is such a resolution. Hence there is a Kähler class of the form
where the E i are exceptional divisors and δ i ∈ Q are positive. We define a bilinear form
Here we used that j * E i = 0 or equivalently
From the calculation we see that if µ(α) = 0, then q(j * α, j * β) = 0 for all β ∈ H 2 (X, R). To conclude that j * α = 0 it would be sufficient to see that q is non-degenerate on im j * ⊂ H 2 ( Y , R). On the whole of H 2 ( Y , R) the form q is non-degenerate by the Hodge index theorem, see [Vo1, Thm 6 .33].
Here we need that κ is a Kähler class. That q remains non-degenerate on the subspace im j * can also be deduced as follows. As we have seen
and on H 1,1 ( Y , R) the form q is non degenerate and has signature (1, h 1,1 −1). We know that q(j * κ, j * κ) > 0 and so q is negative definite on j * κ ⊥ . Write j * α = c · j * κ + α where α ∈ j * κ ⊥ . The decomposition shows that α ∈ im j * as well. Then if j * α = 0 at least one of the numbers q(j * α, j * κ), q(j * α, α ) is nonzero and so µ(α) = 0 completing the proof. 
Deformations of Lagrangian subvarieties
Let X be an irreducible symplectic manifold and let i : Y → X be the inclusion of a Lagrangian simple normal crossing subvariety. In this section, we will proof smoothness of the space M i of locally trivial deformations of i and the statement about factorisation of p :
The proofs are elaborations of Ran's ideas [Ra92Lif] , [Ra92Def] and the method is related to the T 1 -lifting principle. These smoothness results play an important role in the proof of our main result, Theorem 5.3. Sections 4 and 5 rely heavily on results of [Le12] , where the Hodge theory for locally trivial deformations of normal crossing varieties was studied. In particular, we would like to recall the following definition. 
where the first line is the long exact sequence associated to the exponential sequence, see [GR77, Kap V, § 2.4], and the right vertical column comes from the short exact sequence
Here we need that Ω 0 Y = O Y . This is true, as Y is reduced, because then Y does not have embedded points. To obtain a holomorphic line bundle L on Y it is sufficient to find a class α ∈ H 2 (Y, Z), such that the image in
where i : Y → X is the inclusion. From the spectral sequence for Ω • we obtain maps
As Y is Lagrangian and by definition Ω 2 Y is torsion free we have
and by Dolbeault's theorem H 0 (X, Ω 2 X ) ∼ = H 2,0 (X) we see that H 2,0 (X) ∼ = Cω maps to zero under i * . From the left square of the above diagram, we see that also the complex conjugate H 0,2 (X) ∼ = Cω maps to zero, as the map
This is dense in H X,R as H 2 (X, Q) is dense in H 2 (X, R) and so it meets
is not an isomorphism. 4.6. Deformations of Lagrangian subvarieties. Suppose g : X − → S is a deformation of an irreducible symplectic manifold X over S = Spec R for R ∈ Art k . The symplectic form ω 0 on X extends to an everywhere non-degenerate section ω ∈ R 0 g * Ω 2 X /S , as this module is free. As rk(j * ⊗ C) = 0 on the central fiber, j * is identically zero and thus Y is Lagrangian.
Lemma 4.8. Let i : Y → X be a locally complete intersection Lagrangian subvariety in an irreducible symplectic manifold X, let S = Spec R where R ∈ Art C and let 
Proof. Since ω is non-degenerate, the map ω Lemma 4.14. Let B n − → C n be the canonical surjection. If the induced map
Proof. We have a morphism of small extensions in Art k :
where δ(t) = t + ε. The morphism (t n+1 ) − → (εt n ) is multiplication by n + 1 and hence an isomorphism as char k = 0. If we apply D to diagram (4.5), we obtain (4.6)
The claim now follows by diagram chase.
For an element ξ n ∈ D(A n ) we denote by ξ n | A n−1 the image of ξ n under the canonical map
between the fibers over ξ n and ξ n−1 is surjective.
Proof. To see this, we consider the diagram
where all morphisms are induced by the canonical projections, see section 4.13. Let η ∈ D(C n ) be given and put ξ n := ϕ C (η) ∈ D(A n ). The lower square is cocartesian, as D is prorepresentable and already the square of rings is cocartesian. Therefore the restriction of ψ to the fiber
onto the fiber over ξ n−1 . By assumption, D(B n ) ξn − → D(B n−1 ) ξ n−1 is surjective. Hence, there is η ∈ D(B n ) ξn with χ(η ) = ψ(η), so η is a preimage of η and the claim follows.
We summarize Lemma 1.5, Lemma 4.14 and Lemma 4.15 in Lemma 4.16. Let D be a prorepresentable deformation functor, which has an obstruction space T 2 . Then D is unobstructed if for all ξ n ∈ D(A n ) and ξ n−1 := ξ n | A n−1 the map
is surjective.
The second step of the T 1 -lifting principle is to actually prove surjectivity of the map D(B n ) ξn − → D(B n−1 ) ξ n−1 for all ξ n and ξ n−1 as in Lemma 4.16. This is not in general fulfilled and needs more input from the concrete geometric situation. We deduce this for D = D lt i from the fact that the sheaves Rg * T I from (1.8) are locally free and compatible with base change. Consider a simple normal crossing Lagrangian subvariety i : Y → X in an irreducible symplectic manifold X. Let S = Spec R for R ∈ Art C and let
be a locally trivial deformation of i over S. Consider the long exact sequence 
, where the last equality holds as X is irreducible symplectic. By Nakayama's Lemma this implies R 0 g * Ω X /S = 0. Put together this gives the following long exact sequence Thus, the T 1 -lifting principle may be applied.
Theorem 4.18. Let Y be a Lagrangian simple normal crossing subvariety. Then the complex space M i is smooth at 0.
Proof. We put D := D lt i and denote by A n , B n and C n the algebras introduced in section 4.13. For ξ n ∈ D(A n ) we put ξ n−1 := ξ n | A n−1 . By Lemma 4.16 the functor D is unobstructed if for all ξ n ∈ D(A n ) the map
is surjective. For a given class ξ n ∈ D(A n ) take a deformation locally trivial
of i over S n = Spec A n representing ξ n . Let i n−1 : Y n−1 → X n−1 be the restriction of i n to S n−1 . Then by Lemma 1.10 the diagram
is commutative and the vertical maps are bijections. By Lemma 4.17 the module R 1 g * T in is free and hence by [EGAIII, Prop 7.8 .5] it is compatible with base change. This means that 
has constant rank for all n. Let η : R i − → A be a C-algebra homomorphism corresponding to a locally trivial deformation
by Lemma 1.10 and Lemma 1.7. Moreover, the map (4.10) is identified with R 1 g * T I − → R 1 g * T X /S from (4.8), which is of constant rank by Lemma 4.17. This completes the proof. Lemma 5.1. Suppose Y has simple normal crossings. Then
Main results
where ν : Y − → Y is the normalization.
Proof. As j * = ν * • i * the inclusion ⊃ is obvious. For the other direction it suffices to show that ν * is injective on im i * . By Corollary 4.5 the subvariety Y is projective, hence by [Del71, Del74] there is a functorial mixed Hodge structure on H k Y := H k (Y, C) for every k. We denote by F • the Hodge filtration on H 2 Y and by W • the weight filtration on H 2 Y . As a special case of [Le12, Cor 4.16] we deduce that
Consider the weight spectral sequence associated to the first graded objects of the Hodge filtration given by
By [PS08, Thm 3.12 (3)] it degenerates on E r if the weight spectral sequence degenerates at E r . But the latter is known to degenerate at E 2 .
) and degeneration at E 2 tells us that
In other words, as
has pure weight two because X is smooth. In particular, W 1 Gr 1 F H 2 X = 0. Morphisms of mixed Hodge structures are strict with respect to both filtrations, so we have
hence ν * is injective on im i * and we deduce ker i * = ker j * completing the proof.
The following lemma generalizes [Vo92, Lem 2.3] to the normal crossing case. Proof. By Lemma 3.3 the tangent space of M Y at 0 is
By Lemma 5.1 we have
where Y − → Y is the normalization. On the other hand, M Y is the smooth image of p :
where the third equality holds because the sequence (4.8) is exact. By (4.3) and Proposition 4.10 we have a commutative diagram
where the vertical maps are isomorphisms. This implies that
and completes the proof. 
Proof. Assume that Y = ∪ i Y i is a decomposition into irreducible components. In section 2.4 we defined the subspaces M Y , M [Y ] and M [Y ] of M associated to a Lagrangian subvariety Y of X. We have
where the vertical relations were observed in Remark 2.7, the horizontal equalities on the right were shown in 
Therefore, we find
where the last equality comes from Lemma 5. 
Proof. As the period map identifies M with Q it suffices to show that ℘(M Y ) = P(K) ∩ Q. By [Huy99, 1.14], P(K) ∩ Q is the locus where K ⊥ ⊂ H 2 (X, C) remains of type (1, 1) and its codimension is dim K ⊥ . Note that K ⊥ ⊂ H 1,1 (X) is defined over Z and therefore is spanned by the Chern classes of a collection of line bundles on X. By Lemma 4.7 the subspace K ⊥ remains of type (1, 1) over
So both sets are equal.
Applications to Lagrangian fibrations
In this section we give some applications of Theorem 5.3 to Lagrangian fibrations. Our main goal is to determine codim M M Y . We show first that if we deform a fiber of a fibration then also the fibration deforms, see Lemma 6.4. We also pose a number of interesting questions regarding singular fibers, which hopefully contribute to understanding Lagrangian fibrations.
Recall the important Theorem 6.1 (Matsushita) . Let X be an irreducible symplectic manifold of dimension 2n. If B is a normal projective variety with 0 < dim B < 2n and f : X − → B is a surjective morphism with connected fibers, then: dim B = n, −K B is ample, the Picard number (B) is one, f is equidimensional and every irreducible component of the reduction of a fiber is a Lagrangian subvariety.
In particular, if B is smooth, then f is flat by equidimensionality, see e.g. 
where the first two relations follow directly from Definition 2.6, the third equality is Voisin's theorem. Put together this gives M Y ⊂ M T = M f . The last claim follows from Lemma 6.2.
6.5. Codimension estimates. Let X be an irreducible symplectic manifold and let f : X − → P n be a Lagrangian fibration. In view of [Hwa08, Thm 1.2], it seems reasonable to assume P n to be the base of the fibration. We put Y = (X t ) red for t ∈ D := {t ∈ P n : X t is singular}. 
. Let Y = ∪ i∈I Y i and X 0 = ∪ j∈J X j be decompositions into irreducible components and consider the surjective map j : I − → J mapping i ∈ I to the unique j = j(i) ∈ J with Y i ⊂ X j . I am very grateful to Keiji Oguiso for explaining the following lemma.
Lemma 6.6. Let f : X − → P n be a Lagrangian fibration of a projective irreducible symplectic manifold X. Let X 0 = j∈J X j where J = {1, . . . , r} and let i : Y = (X t ) red → X for t ∈ D 0 ⊂ P n be the reduction of a general singular fiber contained in X 0 . Then
where ν : Y − → Y is the normalization and j = ν • i. More precisely, the subspace of H 2 (X, C) generated by the classes of the divisors X j maps onto a subspace of of dimension ≥ r − 1 not containing the class of the ample divisor.
Proof. If we take a general line ⊂ P n , then the fiber product X = X × P n is smooth by Kleiman's theorem [Kle74, 2. Thm]. As t ∈ D 0 is general, there is such a line with t ∈ . Let H be a very ample divisor on X and let H 1 , . . . , H n−1 ∈ |H| be general. Then the intersection S = X ∩ H 1 ∩ . . . ∩ H n−1 is a smooth surface by Bertini's theorem. By construction it comes with a morphism g : S − → P 1 ∼ = .
Consider the diagram (6.1) F λ be decompositions into irreducible components where s = #I. We put F (i) := Y i ∩H 1 ∩. . .∩H n−1 = λ∈Λ i F λ , where Λ i ⊂ Λ := {1, . . . , q} is the subset of all λ such that F λ ⊂ Y i . If the H k are general enough, the irreducible components F λ of F (i) are mutually distinct for all i. In other words, Λ is the disjoint union of the Λ i . Indeed, one only has to verify that no irreducible component of Y i ∩Y j ∩H 1 . . .∩H k−1 is contained in H k for all i, j, and k.
We will show that the subspace V ⊂ H 2 (X, C) spanned by the X j and H maps surjectively onto an r-dimensional subspace in H 2 ( F , C). This would imply the claim by diagram (6.1). Let n j ∈ N be the multiplicity of X 0 = f −1 (D 0 ) along X j . Then X 0 = j n j X j and X t = i n j(i) Y i as cycles, where as above j(i) is the unique j ∈ J with Y i ⊂ X j . Recall that Λ = i Λ i is a disjoint union. So n λ := n j(i) for λ ∈ Λ i is well-defined and we have F = λ n λ F λ . As F = q λ=1 F λ we obtain F = q λ=1 F λ where F λ is the normalization of F λ . Thus,
If we denote the intersection pairing on S by (·, ·) S , then under this isomorphism j * S : H 2 (S, C) − → H 2 ( F , C) is given by α → ((α, F 1 ) S , . . . , (α, F q ) S ) .
Let {x λ | λ ∈ Λ} ⊂ H 2 ( F , C) ∨ be the dual basis of the basis of H 2 ( F , C) obtained corresponding to the standard basis of C q ∼ = H 2 ( F , C). By Zariski's Lemma [BHPV, Ch III, Lem 8.2] the subspace W ⊂ H 2 (S, C) spanned by the classes of the F λ maps surjectively to the hyperplane of C q given by λ n λ x λ = 0, So the subspace of H 2 (S, C) spanned by the classes of the F λ and H| S maps surjectively onto C q . We have Y (j * X j ) = j * S (X j ) = ( (X j ), F λ ) S λ . As the Λ i are mutually disjoint, so are the Λ j := j(i)=j Λ i . We see from ( (X j ), F λ ) S = µ∈Λ j (F µ , F λ ) S that the subspace of H 2 (X, C) generated by the X j surjects onto a subspace of C q of dimension ≥ r − 1. The claim follows as the image of V does not contain j * S (H| S ).
For K ⊂ I let Y K := i∈K Y i and let r K := |{j(i) | i ∈ K}|. We obviously have r K ≤ r I = r. There is no obvious reason, why these numbers should be equal, but in all examples we know they are equal. 6.9. Vista. As our main results are built from many pieces, there is obviously ample space for generalizations. First of all, Theorem 5.3 should be true literally for normal crossing singularities. We can proof this in all relevant examples, see for instance Example 6.10 below and [Le11] for more details. In the case of K3 surfaces, the situation becomes easier. For elliptic K3 surfaces it was shown in [Le11, Thm VII.3.8] that codim M Y is equal to the number #I = #J of irreducible components of the reduced fiber, if the latter has normal crossings, and codim M Y ≥ #I in all other cases. Our results will definitely not carry over literally to all kinds of singularities. For example, for a cuspidal rational curve Y in a K3 surface we have M Y M Y .
